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$� � ,I�µ �PLQXWHV�SDVW�QLQH¶�LV�WKH�VDPH�WLPH�DV�µ �PLQXWHV�WR�WHQ¶�WKHQ� �
VR ����The two times are 28 minutes past nine and 32 minutes to ten��

�k �k �k + �k = ��
k = �

$�
��PLQXWHV

&KDUOLH�SXWV�WKH�VHYHQWK�HJJ�LQ�WKH�SDQ�VL[�PLQXWHV�DIWHU�KH�SXWV�LQ�WKH�ILUVW�HJJ��7KH
VHYHQWK�HJJ�WDNHV�WKUHH�PLQXWHV�WR�FRRN��VR�KH�WDNHV�LW�RXW�RI�WKH�SDQ�QLQH�PLQXWHV
DIWHU�VWDUWLQJ�WKH�ZKROH�RSHUDWLRQ�
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��� $IWHU�HDFK�KREELW�HDWV�KLV�SRUULGJH�� �RI�ZKDW�KH�VWDUWHG�ZLWK�UHPDLQV���6R�DIWHU�IRXU

KDYH�HDWHQ��ZKDW�UHPDLQV�LV� �RI�WKH�RULJLQDO�DPRXQW�
�
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$� � %\�FRPSDULQJ�WKH�GLFH�DW�WKH�WRS�DQG�ERWWRP�RI�WKH�WRZHU��LW�FDQ�EH�VHHQ�WKDW�WKH�WRS
IDFH�RI�WKH�ERWWRP�GLH�KDV�ILYH�VSRWV��6R�WKH�IDFH�RSSRVLWH��QDPHO\�WKH�IDFH�RQ�ZKLFK
WKH�WRZHU�VWDQGV��KDV�WZR�GRWV�

$� ���° 7KH�VXP�RI�WKH�ILYH�LQWHULRU�DQJOHV�RI�D�SHQWDJRQ�LV� ��VR�WKH�DYHUDJH�VL]H�RI�WKHVH
DQJOHV�LV� ��$V�WKH�VL]HV�LQ�GHJUHHV�RI�WKH�DQJOHV�DUH�FRQVHFXWLYH�ZKROH�QXPEHUV�
WKH\�DUH� � � � � �

���°
���°
���° ���° ���° ���° ���°

$� �
� 7KH�YLVLEOH�HQG�IDFH�RI�WKH�ODUJH�FXERLG�FRQVLVWV�RI�QLQH�UHFWDQJOHV��ILYH�FRORXUHG

ZKLWH�DQG�IRXU�EODFN��7KH�IDFH�RSSRVLWH�WKLV�IDFH�DOVR�FRQVLVWV�RI�QLQH�UHFWDQJOHV��IRXU
FRORXUHG�ZKLWH�DQG�ILYH�EODFN��6R��EHWZHHQ�WKHP��WKHVH�WZR�IDFHV�KDYH�HTXDO�QXPEHUV
RI�ZKLWH�DQG�EODFN�UHFWDQJOHV��(DFK�RI�WKH�RWKHU�IRXU�IDFHV�RI�WKH�ODUJH�FXERLG�FRQVLVWV
RI�WZHOYH�UHFWDQJOHV��VL[�FRORXUHG�ZKLWH�DQG�VL[�EODFN��6R�WKH�IUDFWLRQ�RI�WKH�VXUIDFH
DUHD�RI�WKH�ODUJH�FXERLG�ZKLFK�LV�FRORXUHG�EODFN�LV�HTXDO�WR�WKH�IUDFWLRQ�ZKLFK�LV
FRORXUHG�ZKLWH��WKDW�LV�RQH�KDOI�



$� �� $IWHU�WKH�ILUVW�SDVV��DOO�WKH�RGG�SHJV�KDYH�EHHQ�NQRFNHG�RYHU�DQG�MXVW�WKH�PXOWLSOHV�RI��
UHPDLQ�VWDQGLQJ���/LNHZLVH��DIWHU�WKH�QH[W�SDVVHV��ILUVW�MXVW�WKH�PXOWLSOHV�RI���UHPDLQ�
WKHQ�WKRVH�RI������������7KH�ILQDO�SDVV�NQRFNV�GRZQ�WKH�RQO\�UHPDLQLQJ�SHJ��QXPEHU����

$� �� /HW�WKH�PLGSRLQWV�RI� DQG �EH� �DQG�
UHVSHFWLYHO\�DQG�OHW� �DQG� �EH�WKH�SRLQWV
VKRZQ�

AB BC E G
F H

&RQVLGHU�WULDQJOHV� �DQG� �
� �

VLQFH�ERWK�DUH�HTXDO�WR� �
�

PEF PGH
∠PEF = ∠PGH = ��° ∠EPF = ∠GPH

��° − ∠FPG
PE = PG
6R�WKH�WZR�WULDQJOHV�DUH�FRQJUXHQW��$$6��
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$SSO\LQJ�3\WKDJRUDV
�7KHRUHP�WR�WULDQJOH� � �PEF PF� = PE� + EF� = �� + � = ��
6R �KDV�OHQJWK���XQLWV�PF
$V�WULDQJOH� �LV�FRQJUXHQW�WR�WULDQJOH� � � �PGH PEF GH = EF = � PH = PF = �
6R�WKH�SHULPHWHU�RI�TXDGULODWHUDO� �LV�����������������XQLWV� ����XQLWV�PFBH
�Note that the area of overlap between the two squares remains constant when square
PQRS is rotated about point P, but the perimeter of the overlapping region changes��

$�� �� 7KH�OHQJWKV�RI�WKH�VLGHV�RI�WKH�WULDQJOHV�LQ�WKH�ILJXUH�DUH�VKRZQ�LQ�WKH�WDEOH�EHORZ�

7ULDQJOH $ % & ' ( ) * +
/HQJWK�RI�VLGH � � � � � � � �

7KH�QLQWK�WULDQJOH��,��ZLOO�EH�SODFHG�DORQJVLGH�WULDQJOHV�+�DQG�'��VR�LWV�VLGHV�ZLOO�EH��
XQLWV�ORQJ�
7KH�WHQWK�WULDQJOH��-��ZLOO�EH�SODFHG�DORQJVLGH�WULDQJOHV�,�DQG�(��VR�LWV�VLGHV�ZLOO�EH��
XQLWV�ORQJ�
7KH�HOHYHQWK�WULDQJOH��.��ZLOO�EH�SODFHG�DORQJVLGH�WULDQJOHV�-�DQG�)��VR�LWV�VLGHV�ZLOO�EH
���XQLWV�ORQJ�
$V�WKH�VSLUDO�FRQWLQXHV��HDFK�QHZ�WULDQJOH�LV�SODFHG�DORQJVLGH�WKH�WULDQJOH�SODFHG
LPPHGLDWHO\�EHIRUH�LW�LQ�WKH�VHTXHQFH�DQG�WKH�WULDQJOH�SODFHG�ILYH�WXUQV�HDUOLHU�WKDQ�WKH
QHZ�WULDQJOH��6R��WKH�WZHOIWK�WULDQJOH��/��ZLOO�EH�SODFHG�DORQJVLGH�WULDQJOHV�.�DQG�*�
JLYLQJ�LW�VLGHV�RI�OHQJWK����XQLWV��7KH�OHQJWKV�RI�WKH�VLGHV�RI�WKH�QH[W�WKUHH�WULDQJOHV�WR
EH�SODFHG�DUH�VKRZQ�LQ�WKH�WDEOH�EHORZ�

7ULDQJOH�QXPEHU 3ODFHG�DORQJVLGH /HQJWK�RI�VLGH
����0� /�DQG�+ ������� ���
����1� 0�DQG�, ������� ���
����2� 1�DQG�- ������� ����
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7KHUHIRUH ��WKDW�LV� ���6R� �DQG�WKH�IRXU�LQWHJHUV��LQ
RUGHU��DUH�����������������
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= ���
��x
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= ��� x = ���

�Note that a simpler solution is obtained by letting the first integer be��� ��x

%� &RQVLGHU�WULDQJOH� ��LW�KDV�WZR�HTXDO�VLGHV�� �DQG� ��DQG�WKH�DQJOH�EHWZHHQ�WKHP�LV� �
VR�LW�LV�HTXLODWHUDO���7KHUHIRUH� �DQG� �KDV�OHQJWK���XQLW�

ABC AB BC ��°
∠ACB = ∠CAB = ��° AC

1RZ�FRQVLGHU�WULDQJOH� � ���$OVR�
�XQLW��VR� �

ACD ∠CAD = ∠DAB − ∠CAB = ��° − ��° = ��°
CA = DA = � ∠ACD = ∠ADC = ��°
1H[W�FRQVLGHU�WULDQJOH� ���,W�LV�D�ULJKW�DQJOHG�LVRVFHOHV�WULDQJOH��WKHUHIRUH

�
ABD

∠ABD = ∠ADB = ��°
)LQDOO\��FRQVLGHU�WULDQJOH� � �

��6R� �
BCD ∠BDC = ∠ADC − ∠ADB = ��° − ��° = ��°

∠DBC = ∠ABC − ∠ABD = ��° − ��° = ��° ∠BDC = � × ∠DBC

%� �D� /HW�P\�GLVWDQFH�IURP�ZRUN�EH� �DQG�WKH�QRUPDO�MRXUQH\�WLPH�EH� ���7KHQ�P\�QRUPDO
DYHUDJH�VSHHG�LV� �
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d
t

<HVWHUGD\��P\�MRXUQH\�WLPH�ZDV�����ORQJHU�WKDQ�XVXDO��WKDW�LV� �t × �
�

7KHUHIRUH�\HVWHUGD\
V�DYHUDJH�VSHHG�ZDV� �d ÷ �t
�

= d × �
�t

= �d
�t

= �
�

× d
t

6R�P\�DYHUDJH�VSHHG�\HVWHUGD\�ZDV�����RI�LWV�XVXDO�YDOXH��KHQFH�LW�ZDV�UHGXFHG�E\�����

�E� ,I�WKH�MRXUQH\�LV�WR�WDNH�����OHVV�WLPH�WKDQ�XVXDO��WKHQ�WKH�QHZ�MRXUQH\�WLPH�ZLOO�QHHG�WR�EH� �
�t
�

7KHUHIRUH�WKH�DYHUDJH�VSHHG�ZLOO�QHHG�WR�EH� �d ÷ �t
�

= d × �
�t

= �
�

× d
t

6R�P\�XVXDO�DYHUDJH�VSHHG�ZLOO�QHHG�WR�EH�LQFUHDVHG�E\�����RI�LWV�QRUPDO�YDOXH�

%� /HW�WKH�ILYH�FRQVHFXWLYH�LQWHJHUV�EH� � � � �DQG� �x x + � x + � x + � x + �
7KH�VXP�RI�WKH�QXPEHUV�LV� ���7KLV�LV�D�PXOWLSOH�RI����LI�DQG�RQO\�LI��
GLYLGHV ���6R�WKH�VXP�RI�ILYH�FRQVHFXWLYH�LQWHJHUV�LV�D�PXOWLSOH�RI����LI�DQG�RQO\�LI�WKH
WKLUG�QXPEHU�LV�D�PXOWLSOH�RI���

�x + �� = � (x + �)
x + �

�A shorter proof is obtained by letting the consecutive integers be � � � and
� Their sum is � which is clearly a multiple of��� So it will be a multiple of����if and

only if is a multiple of����

x − � x − � x x + �
x + � �x

x



%� /HW �EH�RQH�RI�WKH�SHQWDJRQDO�SDQHV�ZKLFK�PDNH�XS�WKH
ZLQGRZ�DQG�OHW� �EH�WKH�PLGSRLQW�RI� �

ABCDE
F AC

$V�VL[�HTXDO�DQJOHV�PHHW�DW�SRLQW� �
�

B
∠ABC = ���° ÷ � = ��°
6R�WULDQJOH� �KDV�HTXDO�VLGHV�� �DQG� ��DQG�WKH�DQJOH
EHWZHHQ�WKHP�LV� ��VR�LW�LV�HTXLODWHUDO��+HQFH� �KDV�OHQJWK���

ABC AB BC
��° AC

$V �LV�WKH�PLGSRLQW�RI� � ��VR��E\�3\WKDJRUDV

7KHRUHP� �

F AC ∠AFB = ��°
BF = AB� − AF� = � − � = �
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A

B

C

D

E

F

�

�
�

�

$V �IRUPV�KDOI�RI�D�UHJXODU�KH[DJRQ��LWV�DUHD�PD\�EH�GLYLGHG�XS�LQWR�WKUHH�FRQJUXHQW
HTXLODWHUDO�WULDQJOHV��HDFK�RI�VLGH�����&RQVLGHU�RQH�RI�WKHVH�WULDQJOHV��LW�LV�VLPLODU�WR�WULDQJOH

�ZLWK�VLGHV�LQ�WKH�UDWLR������VR�LWV�DUHD�LV�RQH�TXDUWHU�RI�WKH�DUHD�RI�WULDQJOH� ��WKDW�LV� �

ACDE

ABC ABC
�
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7KHUHIRUH�WKH�DUHD�RI�SHQWDJRQ� �LV� �ABCDE � + � × �
�

= � �
�

6R�WKH�H[DFW�DUHD�RI�JODVV�LQ�WKH�ZLQGRZ�LV� �� × � �
�

= �� �
�
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�D� 7KH�GLDJUDPV�VKRZ�WKH�IRXU�GLIIHUHQW�RULHQWDWLRQV�LQ�ZKLFK�WKH�/�VKDSHG�SLHFH�PD\�EH
SODFHG�RQ�WKH�JULG���,W�FDQ�EH�VHHQ�WKDW�ZKHQ�IRXU�FHOOV�RI�WKH�JULG�DUH�FRORXUHG�DV�VKRZQ�
LW�LV�QRW�SRVVLEOH�WR�SODFH�WKH�/�VKDSHG�SLHFH��ZKDWHYHU�LWV�RULHQWDWLRQ��RQ�WKH�JULG�ZLWKRXW
DW�OHDVW�RQH�RI�WKH�FRORXUHG�FHOOV�EHLQJ�FRYHUHG�
6R�E\�FRORXULQJ�IRXU�FHOOV�UHG�LW�LV�SRVVLEOH�WR�HQVXUH�WKDW�ZKHUHYHU�WKH�/�VKDSHG�SLHFH�LV
SODFHG�RQ�WKH�JULG�LW�FRYHUV�DW�OHDVW�RQH�UHG�FHOO�

�E� 7KH�GLDJUDP�VKRZV�KRZ�IRXU�FRSLHV�RI�WKH�/�VKDSHG�SLHFH�PD\
EH�SODFHG�RQ�WKH���×���JULG�ZLWKRXW�RYHUODS���,I�IHZHU�WKDQ�IRXU
FHOOV�RI�WKH�JULG�DUH�FRORXUHG�UHG�WKHQ�DW�OHDVW�RQH�RI�WKH�IRXU
FRSLHV�ZLOO�KDYH�QRQH�RI�LWV�FHOOV�FRORXUHG��VR�LW�ZLOO�EH�SRVVLEOH
WR�SODFH�WKH�/�VKDSHG�SLHFH�RQ�WKH�JULG�ZLWKRXW�LW�FRYHULQJ�DW�OHDVW
RQH�UHG�FHOO���6R�LI�IHZHU�WKDQ�IRXU�FHOOV�DUH�FRORXUHG�UHG��LW�LV
LPSRVVLEOH�WR�HQVXUH�WKDW�ZKHUHYHU�WKH�/�VKDSHG�SLHFH�LV�SODFHG
RQ�WKH�JULG�LW�FRYHUV�DW�OHDVW�RQH�UHG�FHOO�
�Please note that this is not the only diagram which may used show that the required task
is impossible to achieve by colouring fewer than four cells red��


